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OSCILLATION ESTIMATES, SELF-IMPROVING RESULTS AND 

GOOD-A INEQUALITIES 

LAURI BERKOVITS, JUHA KINNUNEN, AND JOSE MARIA MARTELL 


Abstract. Our main result is an abstract good-A inequality that allows us to 
consider three self-improving properties related to oscillation estimates in a very 
general context. The novelty of our approach is that there is one principle behind 
these self-improving phenomena. Eirst, we obtain higher integrability properties 
for functions belonging to the so-called John-Nirenberg spaces. Second, and as a 
consequence of the previous fact, we present very easy proofs of some of the self¬ 
improving properties of the generalized Poincare inequalities studied by B. Eranchi, 
C. Perez and R. Wheeden in [9], and by P. MacManus and C. Perez in [21]. Pi- 
nally, we show that a weak Gurov-Reshetnyak condition implies higher integrability 
with asymptotically sharp estimates. We discuss these questions both in Euclidean 
spaces with dyadic cubes and in spaces of homogeneous type with metric balls. We 
develop new techniques that apply to more general oscillations than the standard 
mean oscillation and to overlapping balls instead of dyadic cubes. 
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1. Motivation: self-improving phenomena 
It is well-known that the Sobolev-Poincare ineqnality 

( 1 . 1 ) £\f(x)-fQ\dx<HQ)(^jjVf(x)\’’dx'j * 

encodes a self-improvement in the local integrability of /. Indeed, the previous esti¬ 
mate is meaningful provided / G and V/ G and it implies 

(1.2) \f(x) - /gi»- dx'j< m (£ \vf(x)rdx'j 

with p* = pn/{n — p) for 1 < p < n. If p > n we obtain a similar estimate for any 
p* G (l,oo). Here fq and the barred integral sign both denote the integral average 
and £{Q) stands for the side length of a cube Q. Denoting the right-hand side of 
(1.1) by a{Q), the inequality may be rewritten as 

(1.3) -f \f{x) - fgldx < a{Q). 

JQ 

In general, we may study generalized Poincare inequalities of the form (1.3) with 
respect to an abstract functional a acting on cubes. The inequality (1.1) above is 
one of the most relevant examples, but inequalities involving controlled oscillation 
appear frequently both in the Euclidean and non-Euclidean setting. For instance, 
the Sobolev-Poincare inequality has an analogue in metric measure spaces (dehned 
in terms of the so-called upper gradients) which has become a standard tool in the 
held, see [15]. 

A unihed approach to the subject was hrst developed in [9], in the context of spaces 
of homogeneous type. They introduced a discrete summability condition Dp, which 
in the dyadic setting takes the following form. Given a cube Qq, an exponent p with 
1 < p < cx), and a functional a : V{Qq) —)■ [0, oo) —here and elsewhere we will write 
V^Qq) to denote the family of dyadic subcubes of Qq — we say that a G 
if there exists a constant ||a|| such that for every Q G V{Qq), we have 
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whenever {Qi}i C T>{Q) is a pairwise disjoint family. It was shown in [9] that if (1.3) 
holds for all Q G 'P(Qo) with a G then 

(1-4) \\f - fQ\\LP^<->,Q <\\a\\a{Q) 


for every Q G V{Qq). In the previous expression we have used the following notation: 
given a Banach function space X (e.g., L^, etc.) and a cube Q, we write 

||/||a,q = \\f\\xiQ,dx/Q)- Note that (1.4) and Kolmogorov’s inequality imply 


(1.5) 


l/(^) 


Q 


\ 1/9 

fQ\‘^dxj 


< 


\a{Q) 


for every 1 < q < p. Thus, we have again a self-improvement phenomenon: a priori 
we only have / G L[q^(M) and a posteriori we get / G L](j^(M) for every 1 < q < p. The 
results in [9] were extended and improved in [20, 21] and we will further generalize 
them. 


Another, apparently different, self-improvement takes place for the functions belong¬ 
ing to the John-Nirenberg spaces which are dehned as follows. Given / G L^{Qq) 
and 1 < p < oo, we say that / G provided 


where 


||/||j^dyadic(Q ) : — sup ll/ll J^dyadic Q < CO, 
Q&V{Qo) 


JN, 


dyadic 


Q 


= sup 




x)-fQ.\dx) \Q. 


i/p 


and the supremum is taken over all pairwise disjoint subfamilies {Qi}i of T>(Q). These 
spaces hrst appeared in the celebrated paper of F. John and L. Nirenberg [13] and the 
space BMO can be seen as the limit case of JNp as p ^ oo, see also [7, 11, 10]. It was 
shown in [13] that the space JNp{Qo) embeds into LP’°°{Qo), which again amounts to 
improvement in the order of integrability of /. We shall show that JNp spaces and 
generalized Poincare inequalities are closely connected. In particular, the embedding 
JNpiQo) ^ LP'°°{Qo) easily implies some of the known self-improvement results for 
generalized Poincare inequalities, including (1.4). 


The last example of self-improvement that we consider is given by the Gurov-Reshet- 
nyak condition, hrst introduced in the context of quasiconformal mappings, see [12, 
14, 23]. For a non-negative function w G L^{Qq) (called a weight), we write w G 
(^^dyadic(go), where 0 < e < 2, if 

(1.6) -f \w{x) - WQ\dx < evjQ 

JQ 

for every Q G V{Qo). This condition implies that w G U’^{Qq) for some Ps > 1, see 
[1, 5, 6, 16, 17, 18, 19, 22, 23]. The main point of interest here is that p^ —)■ -|-oo as 
e —)■ O'*’. While (1.6) is of the form (1.3), the results in [9, 20, 21] do not provide any 
non-trivial information about the class This is because a{Q) = ewq 

only satishes Dp with p = 1 (see [21, p. 3]). However, our approach applies to 
Gurov-Reshetnyak weights as well. 
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The novelty of our approach is to show that there is one principle behind these self- 
improvement phenomena: they all (and much more) can be derived from a single 
abstract good-A inequality, which is a refined local version of the two-parameter 
good-A inequalities considered [3]. 

In Part 1 we consider the dyadic (and local) case, and the related good-A inequality 
is contained in Theorem 2.1. Our first set of applications (see Section 3) contains 
the examples of self-improving estimates pointed out above. We first obtain an 
embedding of the John-Nirenberg space into the corresponding weak Lebesgue space. 
Second we show how this embedding easily gives some of the Franchi-Perez-Wheeden 
self-improvements in [9, 21]. Finally, we frame the Gurov-Reshetnyak condition into 
our good-A inequality to obtain the asymptotic higher integrability. We would like 
to emphasize that these applications are straightforward once the good-A result is 
available. 

Another important feature of our good-A inequality is that we can consider different 
oscillations, that is, \f{x) — fgl may be replaced by \f{x) — Agf^x)], where Aq is 
a local operator. In Section 4 we elaborate on this and obtain self-improvements 
for new John-Nirenberg, Franchi-Perez-Wheeden and Gurov-Reshetnyak conditions 
written in terms of these local oscillations. 

In Part 2 we consider the corresponding problems but in the setting of spaces of 
homogeneous type, that is, in metric spaces endowed with a doubling measure. We 
obtain a local good-A inequality (see Section 6 ), which is applied to the self-improving 
properties. We consider more general John-Nirenberg, Franchi-Perez-Wheeden and 
Gurov-Reshetnyak conditions which are natural when working with the metric balls. 
We would like to emphasize that in contrast with Part 1, where cubes can be nicely 
decomposed as a union of non-overlapping cubes, in Part 2, coverings are made with 
balls. This creates both overlap and “increases the support” (that is, instead of 
working in a given ball B we have to consider the dilated ball (1 -|- 7 ) R). 

Good-A inequalities typically lead to weighted and unweighted estimates. In this 
paper we will only consider unweighted estimates for the sake of conciseness. The 
corresponding weighted norm inequalities with Muckenhoupt weights will be treated 
elsewhere. 


Part 1. The Euclidean setting: dyadic cubes 

2. The good-A inequality 

The main result in this section is an abstract local good-A inequality written in terms 
of dyadic cubes. To set the stage, we fix a cube Qo C M". We recall that T>{Qq) 
stands for the set of dyadic subcubes of Qq. If Q G 'P(Qo) \ {Qo} we write Q for the 
dyadic parent of Q, that is, the unique Q G T>{Qq) with side length i{Q) = 21{Q). 
Let AJqo denote the local dyadic maximal operator 

MqJ{x)= sup -f \f{y)\dy. 

xeQ€V{Qo) J Q 
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We are now ready to state our good-A inequality which is a rehned local version of 
the two-parameter good-A inequalities considered in [3]. The proof is postponed until 
Section 5. 

Theorem 2.1. Fix a cube Qq C M”' and let 0 < F & L^{Qq). Assume that there are 
constants 0 > 1 and 0 < <5 < 2“^ such that for every Q G V^Qq) \ {Qo} there exist 
non-negative functions and a constant > 0 satisfying 


(i) F{x) < G^{x) -\- F[^{x) for a.e. x G Q, 

(ii) ||i/*^||Loc(Q) < 0 -/ F{x)dx, 

JQ 

(iii) -j- G^{x) dx < 5 -I- F{x) dx + g^. 

JQ JQ 


Define 

^Qo(^) ■= 9^- 

xeQeV[Qo) 

Given A > F{x) dx, for every K > Q and 0 < j < 1 we have 

( 2 , 2 ) 

|{i € Qo : Mq„F(^) > K\,Gq^{x) < A7}| < € Qo : > >•] 

Let 1 < p < 1 + ^°fog(' 20 )^^ {notice that if 6 = 0 we can take any p > 1), then 


(2.3) 

and 

(2.4) 


||-^||lp.°°,Qo ^ \\-^Qo^\\lp-^,Qo < Cp,eA\^*Qo\\LP’°°,Qo + 7 F{x) dx 

J Qq 

||-^||lp,Qo < II-^Qo-^IUp,Qo ^ ■/ F{x) dx. 

J Qo 


Note that (2.3) and (2.4) are non-trivial only if p > 1, that is why we only consider 
this range. 

Assuming this result we are going to derive applications to the John-Nirenberg, 
Franchi-Perez-Wheeden and Gurov-Reshetnyak conditions. We have split these in 
two sections: one where we use “classical” oscillations (see Section 3) and another 
where we use some “generalized oscillations” (see Section 4). 


3. Applications I: Classical oscillations 

As an application of Theorem 2.1 we shall give new transparent and simple proofs of 
three known results, see Corollaries 3.3, 3.5 and 3.10 below. 
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3.1. John-Nirenberg spaces. We first recall the definition of the John-Nirenberg 
space. Let 1 < p < cxo. For a cnbe Q C M” and / G we denote 


(3.1) 






1/p 


= snp 


E 


\fix) - fq^dx Xq. 


Qi 


LP,Q 


where the snprema are taken over all pairwise disjoint snbfamilies {Qi}i of 'P(Q). 


Given a cnbe Qq C M"', we say that / G if / G L^{Qo) and 


(3.2) 


jn: 


dyadic 


(do) 


sup l|/lljw",Q < 

QeV(Qo) 


The next resnlt gives the embedding LP’°°{Q). 

Corollary 3.3. Given 1 < p < oo, there exists a constant C (depending only on p 
and n) such that for every cube Q C M” and f G L^{Q), we have 

(3.4) 11/ — /qIIlp.oo^Q < Cll/ll j^dyadic Q. 


Proof. Fix Qo C M"' and assnme that / G L^{Qo) satishes ||/|| j^^dyadic < cx). We 
shall apply Theorem 2.1 to the fnnction F{x) := \f{x) — /qo|. Since / belongs to 
L^iQo), so does F. Take Q G T>{Qo) \ {Qo} and write 

F(x) = \f{x) - /gj < |/(x) - /el + I/e - /eJ =: G«(i) + ff«(i). 

Note that 

\\Hq\\l^{q) = I/q - /qoI < / l/(^) - fQo\dx < 2" -/ F{x) dx, 

Jq Jq 

which is assnmption (ii) in Theorem 2.1 with 0 = 2”. Besides, 

-f G^(x) dx= -f \f{x) - fql dx =: , 

JQ JQ 

which is assnmption (iii) in Theorem 2.1 with 5 = 0. Note that 

= snp g^ = snp -f \f{x) - fq] dx = M^J{x), 
x€q€T>(qo) x€q€T>(qo)Jq 

which is the dyadic and localized sharp maximal fnnction. We can then apply The¬ 
orem 2.1 (with any p > 1 since 5 = 0) and obtain 

11/ — /qoIUp’°°,Qo ~ + ^Qo 

= \\-^tiof\\LP’^,Qo + / \f{x) - /qoI dx < 2||A1qp/||i,p.oo^Qq. 

J Qo 

This is a well-known ineqnality, and Theorem 2.1 is partly motivated by it. Once we 
have that, we obtain the desired embedding by a standard stopping-time argnment. 
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Consider the distribution set = {x G Qo : with A > 0. First 

consider the case 

A > Ao := / |/(x) - /qJ dx. 

J Qo 

Subdivide dyadically Qo and stop whenever 



dx > A. 


This dehnes a family of Calderon-Zygmund cubes {Qi}i C V(Qo) \ {Qo} which are 
maximal, and therefore pairwise disjoint, with respect to the stopping criterion. By 
our choice of A they are proper subcubes of Qo- Notice that f^A = UjQj. Then, using 
that Qi is one of the stopping cubes we have 




1 ^ 

IQo 


AP 

IQo 





l/M - IQil < 


jn: 


dyadic 


P 


,Qo’ 


since {Qi}* C V(Qo) is a pairwise disjoint family. 


Consider now the case 0 < A < Ao and note that by dehnition of the norm 

we immediately have 

"' 1 ^ -'' - (1 

Gathering the two cases and taking the supremum in A > 0, we conclude that 

\\-^'Qof\\LP’^,Qo < ll/lljATdy^'i'yQo 

and thus 

11/— /qoIUp’°°,Qo ~ II-A^Qo-^II^^’°°-<3o — ll/ll 

□ 


In the previous proof we have obtained 

11/ - /qoIUp’°°,Qo ~ ^ ll/llJv;jy'“^‘^(3o 

and one may ask whether we can reverse any of the previous inequalities. Since 
1 < p < cxo we have that M.Qq is bounded on U’'°°{Qq) and therefore 

II-A^So.^II^^’°°-Qo < 2||AdQo(/ - /Qo)llLP’°°,go ~ 11/ “ /qoIUp’°°,Qo- 

On the other hand, in general the inclusion JiVp^'^‘^^‘^(Qo) ^ U’'°°{Qq) is strict. In 
M we take Qo = [0,1) and /(x) = x~^/^xQo{^)- H is straightforward to see that 
/ G L^’°°(Qo) but / ^ JiVpy®''^“^(Qo). For the details we refer to [2]. 
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3.2. Pranchi-Perez-Wheeden self-improvement. Let us consider a functional 
a : T>{Qo) —)■ [0, oo). For 1 < p < cxo and Q E T>{Qo) we set 


i/p 


I«IIdp,(3 — 


<*(«)V101 




“(Oi) Xq, 


LP,Q 


= sup 


a{Q) Xq 


LP,Q 


where the suprema are taken over all pairwise disjoint families {Qi}i C T>{Q). We 
say that a E provided 


Olljjdyadic/Q N !— SUp ||®||Dp,Q ^ CX) . 

^ ' Q€V{Qo) 


We are going to show that the following self-improvement result in [9] is a straight¬ 
forward consequence of Corollary 3.3. 

Corollary 3.5. Fix a cube Qo C M”. Let f E L^{Qq) be such that 

(3.6) -f \f{x) - fqldx < a{Q), 

JQ 

for every Q E V{Qq). Here a is a functional {depending possibly on f) as above. Let 
1 < p < oo. If a E then for every Q E V{Qq), we have 

(3.7) 11/“^ ®(^)- 


Proof. Fix Q E 'P(Qo) and observe that (3.6) implies 


jn: 


{QihcViQ) \ \Q\ ^ 


dyadic ^ — SU.p 


Ifi^) - fQi\dx) \Q 


Qi 


1/p 


1/p 


- {T7^^o.iQiT\Qi 

{QdiCD(Q) \ \^\ ^ 

— II®IIDp,Q o(Q) ^ 

This and (3.4) immediately give 

11/ “ /q||lP’°°,Q ^ ll/ll ~ 


□ 


Remark 3.8. In [21] exponential self-improvement results are obtained as follows. 
Assuming that / satishes (3.6) with a quasi-increasing (i.e., a(Qi) < Caa{Q 2 ) for 
Qi C Q 2 and Qi,Q 2 E V{Qo)), then 

11 / — /g||expL,Q < Ca{Q), 

for every Q E 'D(Qo)- As in the previous proof we can easily obtain such an estimate 
from the classical John-Nirenberg inequality: 

11/ - /ollexpL.Q < II/|IbMO“(q) = sup i \f{x) - fQ,\dx 

Q'&v{q)Jq’ 

< sup a{Q') <Caa{Q). 

Q'eV{Q) 
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3.3. Gurov-Reshetnyak classes. Our last application in classical oscillations is a 
new proof of the self-improvement of the dyadic Gurov-Reshetnyak condition with 
the expected asymptotical behavior as e —)■ 0+. Recall that given 0 < tn G L^{Qo) 
we say that w G where 0 < e < 2 , if 


(3.9) 

for every Q G V(Qo). 



w(x) - wq\ dx < ewQ, 


Corollary 3.10. Fix a cube Qo C M". If w E with £ > 0 small enough 

{for instance, 0 < £ < there exists p{e) > 1 such that for every 1 <p < p{s), 


(3.11) 


\w[x] 


Q 


\ i/p 

wgl^dx] <GewQ 




for every Q G V{Qq), and where G depends only n and p. Moreover, p{e) -E oo as 
£ O’*". Therefore, w G for every 1 <p < p{e), that is, w satisfies the 

reverse Holder inequality 


(3.12) 


W(X 


Q 


\ i/p 
f dx j 


< 


W(X 


dx 


Q 


for every Q G T>{Qo). 


Proof. Clearly, it is enough to obtain (3.11) for Qo itself, since GR'^^‘^'^^^{Qo) C 
^dyadic(Q) every Q G T>{Qo). We wish to apply Theorem 2.1 to the function 

F{x) := \w{x) - wqJ. For any Q G T>{Qo) \ {Qo} we have 

F{x) = \w{x) - WqJ < \w{x) - Wq\ + \wq - WqJ =: G^{x) + H^{x). 


Note that 

II-^qIU'"(Q) = kg - '>^Qo\ < 7 k(^) - '“^Qol dx < 2*^ 4 F{x) dx, 

Jq Jq 

which gives (ii) in Theorem 2.1 with 0 = 2"'. By (3.9) we obtain 

f G^{x)dx= f I w{x) — wq\ dx < ewq < 2 "e 7 F{x) dx + e wq^, 
Jq 


Q 


Q 


which is (hi) in Theorem 2.1 with 6 = 2^e and = swq^ and hence G*q^ = swq^, a 

constant function. Assuming that 0 < e < (i.e., 0 < 5 < 2“^), set 

. 3 ^ ^ log(V( 2 d)) ^ 1 log(g~^) > 1 

^ log (2 0 ) u + 1 log 2 ■ 

Observe that p{e) —>■ cx) as e —)■ O’*". If we now take 1 < 7 < p{s), (2.4) gives as 
desired (3.11): 


“ '^Qo\\lp,Qo < I|W1qoF||lp,Qo < ||GqJ|lp,Qo -h Tqo 

= ewQ,+ f \w-WQ^\dx<ewQo. 

J Qo 

To complete the proof we just observe that (3.11) and the triangle inequality imme¬ 
diately imply (3.12). □ 




10 


LAURI BERKOVITS, JUHA KINNUNEN, AND JOSE MARIA MARTELL 


Remark 3.13. An analogous argument gives a similar self-improvement for the weak 
dyadic Gurov-Reshetnyak condition 


4 |ta(x) — wq \ dx < ewQ 

Jq 


for every Q G T>{Qq) \ {Qo}; if ^ is small enough. Recall that Q is the dyadic parent 


of Q. This weak condition will be studied in a more general setting in Part II. 


4. Applications II: Generalized oscillations 


Our next goal is to show that our good-A inequality allows us to consider other oscil¬ 
lations as well. We show that the previous applications can be translated into a new 
context, where the classical oscillation / — /q is replaced by another oscillation Bqf 
satisfying some conditions. In the present situation, and in view of the local character 
of the good-A inequality, all operators will be local. This should be compared with 
[4], where non-local oscillations are considered. 

Definition 4.1. Given a cube Qo C M"' we say that the family := {Bq}q^x>{Qo) 
is a local oscillation if, after setting Aq := I — Bq, the following conditions hold: 

(a) For every Q G V(Qo), Aq is a linear operator acting on functions in L^{Qo). 

(b) For every Q G V(Qo) we have 



jQ 

(c) For every Qi, Q 2 ^ '^(Qo) satisfying Qi C Q 2 we have Bq^Aq^J = 0 a.e. in 
Qi (equivalently, Aq^Aq^J = AqJ a.e. in Qx). 

Notice that (a) and (b) imply that (Aq/)xq = Aq(/xq)xq and that is why we say 
that the family is local. 

Example 1. Set Aqf = fqXg and Bq = I - Aq. Then := {Bq}q(.j,(^q^) is 
clearly a local oscillation 

Example 2. As in [9], for a hxed m > 0, we let Vm be the space of real-valued 
polynomials of degree at most m which is generated by the linearly independent 
collection of polynomials Sm = {x°'}\a\<m where a = (ai,...,a„) is a multi-index 
and . Let Qo be the cube with the center at the origin and side length 

1 and endow Vm with the inner product 



Then {Vm-, ')qo) ^ hnite-dimensional Hilbert space. Using the Gram-Schmidt 

methods on Sm we can hnd Bm = {^a}\a\<m, an orthonormal basis of {Vm, {■, ■)qo)- 
Notice that since the space Vm is hnite-dimensional, all norms on it are equivalent 
and therefore for every a with |q;| < m, we have 
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Let Q be an arbitrary cube centered at xq and whose side length is i{Q). We set 
(faix) = — xq)/£{Q)) for every x E Q. It is straightforward to show that 

<m is an ortho normal basis of the finite-dimensional {Vm, (•, •)q) where 
the inner product is now 

{f,9)Q = -f fgdx. 

JQ 

Also, it is trivial to check that for every a with |a| < m, we have 

(4.2) ll9^alU°°(Q) = ll9^a|U°°(Qo) — 

We now set 

AQf{x)= 

\a\<m 

We shall see that if Bq = I — Aq, then = {Bq}q^d{Qo) is a local oscillation. 
Notice that (4.2) implies that Aq is a linear operator, well-defined for every / G 
L^{Qo) and it satisfies 


||^q/||l“(Q) < ^ \{f,^2)Q\\\^a\\L°°{Q) 

\a\<m 


< X] \\^2\\l^{Q) 

\cx\<m 


/ \ f{y)\dy<C'^ -f \f{y)\dy. 
JQ JQ 


We hnally check the item (c). We notice that Aq is a projection from L‘^{Q) onto 
the collection of polynomials of Vm restricted to Q. In particular, if vr G Vm then 
Aq'x = ttxq. Thus, if Qi,Q 2 E V{Qo) with Qi C Q 2 , we have that Aq^J = 7ifXQ2 
with 71 f E Vm, and, for every x E Qi, 

AQi^Q2f{x) = 4iQi(vr/XQj(x) = AQ^{7if){x) = 7if{x)xQ,{x) = AqJ{x), 


which is the desired property. 


We notice that if m = 0, then = 1 and Aq/ = fQXQ, and we are back at Example 

1 . 


4.1. John-Nirenberg spaces for local oscillations. Let Qo C be a cube and 
Bg^be a local oscillation. We say that / G provided / G L^{Qo) and 

(4.3) ll/ll j^dyadic^g ^ : — sup ll/ll j^dyadic g < CX), 

®«0’P Q&V{Qo) *Qo’P’^ 

where 


(4.4) 


y.,rdyadic ^ !— SUD 




E 


\BQj{x)\dx] \Q. 


Qi 


1/p 


= sup 


E 


\BqJ{x)\ dx Xq. 


Qi 


LP,Q 


Here the suprema are taken over all pairwise disjoint families {Qi}i C T>{Q). We 
show that ^ LP’°°{Qq) whenever 1 < p < cx). 
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Corollary 4.5. Let 1 < p < oo. Fix a cube Qo C M"' and lefEg^^ be a local oscillation. 
For every Q G T>{Qo) and f G L^{Q) we have 


(4.6) 


II^^q/IIlP'^.Q < C'l 


/Ardyadic Q. 


Proof. We shall apply Theorem 2.1. Fix Qq C M”', / G L^{Qq) and assume that 
...dyadic ^ < oo. Note that directly from the dehnition 


\BQof{x)\dx < 


Qo 




Thus F{x) := iBg^f^x)] G L^{Qo). For every Q G T>(Qo) \ {Qo} we have 

F{x) = \BqJ{x)\ < \BQf{x)\ + lAgfix) - AqJ{x)\ =: G«(x) + H^ix). 
By Dehnition 4.1 it follows that 

\\Bq\\l°°{q) = W^qf - ^Qo/IU°°(( 9) = W^qJ - "4 q^Qo/IU°°(Q) 


— II^Q-®Qo/lk°°(Q) ^ Cb f \BQgw{x)\dx < 2”Cb 4F{x)dx, 

Jq Jq 


which is (ii) in Theorem 2.1 with 0 = 2 ”C'b. Moreover, 

-f G^(x) dx= -f \BQf{x)\dx =: 
Jq Jq 

which is (hi) in Theorem 2.1 with 5 = 0. Note that 


<^Qo(^) = sup 9 ^ = sup 


/ 


\BQf{x)\dx=-. Mtj{x), 


x&Q^V(Qq) 


xGQeviQo) Jq 


Qo ‘ 


which is the dyadic and localized sharp maximal function associated with the oscil¬ 
lation Bqj,. Theorem 2.1 (with any 1 < p < oo, since 5 = 0) implies 


|-Bqo/IUp’°°,Qo ~ II^QoIU^’°°-Qo +-^( 


Qo 


“ II-^Bq„/IUp’°°,Qo + "f l-^Qo/(^)l ^ 2||Wl^^^/||iP,oo Qq. 

Qo 


<# 


To complete the proof, let 

A > Ao := / jBQj(x)jdx, 

J Qo 

and consider the distribution set Da = ^ Qo ^ -^Bq /(^) > A}. Subdivide 

dyadically Qo and stop whenever 

(4.7) -f\BQf\dx>X. 

Jq 

This dehnes a family of Calderon-Zygmund cubes {Qj}* C D(Qo) which are maximal, 
and therefore pairwise disjoint, with respect to the stopping criterion. By our choice 
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of A we have that {Qi}i C V(Qo) \ {Qo}- Notice that = UiQi. Then, using that 
Qi satishes (4.7) we have 


AP 


AP 


|^__ 

IQol IQol 


Ei« 


.■I < 


IQc 


E 


Qi 


jBQj(x)jdX j \Qi\ < II/F dyadic , 

®Qo-P’^ 


since {Qi}i C V(Qo) is a pairwise disjoint family. On the other hand, if 0 < A < Aq, 

.ft: 

I^aI 


by the dehnition of the norm we immediately have 


A^ 


IQc 


< A^ < 


Fqo/(^)M^ < 


Qo 


jn: 


dyadic 

“Qo’P 


Qo 


Collecting the two cases and taking the supremum in A > 0 we conclude that 


ll-^Bon/llL^’°°.Qo ^ 


®Qo 


jn: 


dyadic 


Qo 


and thus 


|-Bqo/||lp.°°,Qo ll•^Bo„/ll'^-^’°°>Qo — 




□ 


Note that the previous corollary implies that ^ because 

||/||lP’°°,Qo < I|-Sqo/IUp’°°,Qo + IFqo/IIlP’°°,Qo ~ ll^ll+ T l/(^)l 


4.2. Pranchi-Perez-Wheeden self-improvement for local oscillations. As be¬ 
fore we immediately obtain the following consequence of Corollary 4.5. 

Corollary 4.8. Fix a cube Qo C M"" and a local oscillation Bqq. Let f G L^{Qo) be 
such that 

(4.9) -f \BQf{x)\dx < a{Q) 

JQ 

for every Q G V{Qo), where a : V{Qq) —)■ [0, oo) is a functional {depending probably 
on /). Let 1 < p < oo. If a E Dp^^'^^^{Qo), then, for every Q G V{Qo), 

(4.10) IFqIUp’°“,q ^ ll^llDdy^'i'qQo) ®(Q)- 


Proof. Fix Q G V(Qo) and assume that a(Q) < oo; otherwise there is nothing to 
prove. We hrst observe that (4.9) implies 


^^dyadic Q — sup 
®Qo’P’^ {Qi}iCV(Q) 


< sup 


— y 


Qi 


jBQj(x)jdxJ \Qi 

i/p 


i/p 


IQilicnCQ) 

This and (4.6) immediately give the desired estimate 


( IQI 'y ^j ^{Qi)^\Qi\ \ — ll®llDp5'adic^Q^^C!,(Q) < oo. 


IFq/II 




□ 
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4.3. Gurov-Reshetnyak classes for local oscillations. Fix a cube Qo C M”, a 

local oscillation and let 0 < w G L^{Qo). We say that w G if 

Qo ’ 


(4.11) 
for every Q G T>{Qo). 


\Bqw{x)\ dx = -I- \w{x) — Aqw{x)\ dx < e -I- \AQw{x)\dx 
Q Q Q 


Let us observe that one could have dehned with a right hand term of 

the form ewq. This would lead us to an equivalent dehnition (provided £ is small 
enough). Indeed, (4.11) and Definition 4.1 imply that 


Conversely, if 


\BQw{x)\dx < e A \Aqw{x) \ dx < eCuWq. 
Q J Q 


\Bqw \ dx < e'wq 


Q 


with 0 < e' < 1 / 2 , then 


\BQw{x)\dx < E'wqdx < - 4- \BQw{x)\dx + e' 4- \AQw{x)\dx, 

'Q ^ JQ Jq 

and the first term in the last quantity can be absorbed to obtain (4.11) with e = 2e'. 

Corollary 4.12. Fix a cube Qq C M”', a local oscillation Bq^, and w G ■ 

7/0 < e < 1 zs small enough {for instance, 0 < e < 2“*^”+^)^^ ^), there exists p{e) > 1 
such that for every I < p < p{e), 


(4.13) 


I Bqw {x)f dx'] <CE-f\ Aqw {x)\dx 

Q J j Q 


for every Q G 'D{Qq). Moreover, p{e) oo as e ^ 0+. Therefore w G RHp^^^^{Qq) 
for every 1 < p < p{e), that is, 


(4.14) 

for every Q G T>{Qo). 


X I/P r 

w{xy dx \ < j- w{x)dx 

Q J Jq 


Proof. We first observe that (4.13), the triangle inequality and Definition 4.1 imply 
(4.14): 


w 


Q 


{xY dxj < yj- \Bqw{x)\p dxj + yj- \Aqw{x)\p dxj 

< {1 + Ce) (^-j- \AQw{x)f’da^ < {1 + Ce) Cm -j- w{x) dx. 


To obtain (4.13) we note that we can just prove it for Qq (for an arbitrary Q G T>{Qo) 
we simply repeat the argument with Q in place of Qq). We shall apply Theorem 2.1. 
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By assumption F{x) := \BQf^w{x)\ G L^{Qo). Let Q G T>{Qo) \ {Qo} and, for every 
X E Q, we write 

F{x) = \w{x) - AQgw{x)\ < \Bqw{x) \ + \Aqw{x) - Aq^w{x)\ =; G^{x) + H^{x) 
Note that by Definition 4.1 we have 

I|-^qIU°°(Q) = II"4qU' - Ag(,-U;||L°o(Q) = \\AqW - AgAg^^wWi^^Q) 

= \\AqBq^w\\l^^q) <CM-f \BQQw{x)\dx < 2"Cb dx, 


Q 


Q 


which is (ii) in Theorem 2.1 with 0 = 2 ”Cb. By (4.11) and Dehnition 4.1 we obtain 

-f G^{x) dx = ^ \BQw{x)\dx < e / \AQf{x)\ dx < eG^ ^ \ f{x)\dx 
JQ Jq Jq Jq 


’Q 

< £ C*]H 

< 2 ”e 


/ \BQj{x)\dx + eGni \AqJ{x)\ 
Jq Jq 

Gm jF{x)dx + eG^-f \f{x)\dx 
J Q J Qq 


dx 


< 2”£ Cb-/ F(x) dx + e Cb ■/ \BQj{x)\dx + e G^ f \AQj{x)\dx 

J Q J Qo J Qo 

< 2”eCB SF{x)dx + e{l + e)Gl -/ \AQj{x)\dx, 

J Q J Qo 

which is (hi) in Theorem 2.1 with <5 = 2"^ eG^ and 


We have 


gQ = s{l + e)G^f \AQj{x)\dx. 
J Qo 


G*g^^e{l + e)Glj \AQj{x)\dx. 
J Qo 


Assuming that 0 < e < (2”+^ Cb) ^ (that is, 0 < <5 < 2 ^), set 

log(l/(2(5)) log(£-^^ 


p{e) = 1 + 


> 1 , 


log(2 0) log(2-+iCB) 
and observe that p{e) —)■ cxo as e —)■ 0+. If we now take 1 < p < p{e), (2.4) gives 

\\FqoU!\\lp,Qo = \\F\\lp,Qo ^ II^QoIU^.Qo + Fqo 

= e{l + e)G^-f \AQj{x)\dx + -f \BQ^w{x)\dx < e -f \AQj{x)\dx. 


Qo 


Qo 


Qo 


This shows (4.13) with Qq in place of Q and the proof is complete. 


□ 


5. Proof of Theorem 2.1 

For each A > 0 we set Da = ^ Qo ^ -^Qo-^(^) > ^}- Fixed A > Fqj,, we 

subdivide Qq dyadically and stop whenever Fq > A. This dehnes the family of 
Calderon-Zygmund cubes {Qi}i C T>{Qq) which are maximal, and therefore pairwise 
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disjoint, with respect to the property Fq > A. By our choice of A we have that 
{Qi}i C T>{Qo) \ {Qo}- Notice that Q\ = UiQi. Let iL>0>l, 0 < 7<1 and set 

E, = {xeQo: Mq,F(x) > KA,G*q^(x) < Ay}. 

Note that Ex C and thus 

\Ex\ = I^EAnf^Al = 5^|^AnQi|. 

i 

We analyze each term individually. We may assume that ExH Qi ^ ^ (otherwise 
there is nothing to prove). Thus there is x* G ExP^Qi- Note that for every x E Qi we 
have that M.q^F{x) = M.Q^F{x) since M.QqF{x) > A and, by the maximality of the 
Calderon-Zygmund cubes, Fq < A for any cube Q G V^Qq) with Qi C Q. Then, for 
every x E Ex PlQi, we can use (i), (ii) and the maximality of the Calderon-Zygmund 
cubes to obtain 


KX < MqX(x) = Mq,F(x) < Mq,G‘^‘(x) + Mq,H‘^‘(x) 

< Mq^G^^{x) + 0 / Fdx < Mqfi^^ix) + 0A. 

J Qi 

The weak-type (1,1) estimate for Wig., (iii) and the fact that x* G -Ea H Qi imply 

1 


I^A nQi\<\{xEQi-. Mq,G^^ >{K- 0)A}| < 


- 0)A Jq^ 


G^^{x) dx 


< 


IQ.I 


< 


(K-Q)X 

m 


(K-e)A 

Summing on i we readily obtain (2.2). 


h + E(x) dx + 

^ Qi 

(« + GJ.fe))<2±TlQ.|. 


K-e' 


We next show (2.3). Note hrst that by (2.2) we have 

< \Ex\ + |{x G Qo : G*q^{x) > 7 A}| < q I^^aI + |{x G Qo : G*q^{x) > yAjj 
for every A > Fqo- Thus, for every 0 < A < cx), 

(5.1) |ni:s'A| < ^ _ Q I^aI + |{a; e Qo : G*q^{x) > yA}] -h |Qo|X{o<a<Fqj(A). 

For every iV, and 1 < p < 1 -|- the previous estimate leads to 

T Tx^P \7?I^Aa| 

In ■■= sup A^-— = RP sup A^—— 

0<A<A I VO I 0<\<N/K I Vo I 

< (2e)>’liJ/„ + h|h||G7r„,„_e, + (2e)>’(Fo.)'. 

where we have chosen K = 20. Let us observe that our choice of p guarantees that 
(2 0 )^(f /0 < 1 and hence we can take y small enough so that (2 0)^(5 -|- y )/0 < 1. 
This and the fact that /at < < oo allow us to absorb the hrst term in the last 

estimate to obtain 

/a- < Ce.v (l|GQjlE„.,a. + (Foo)'). 













OSCILLATION, SELF-IMPROVING AND GOOD-A INEQUALITIES 


17 


Finally we let iV —)■ cxo and use the Lebesgue differentiation theorem to obtain (2.3). 
To obtain the strong type estimates we proceed analogously. We use (5.1) to show 


that 
In ■= 




10 


IQol A 


I^aaI d\ 
IQol A 


0 ' yP 

where again K = 20. From here (2.4) follows as before. 


< (2e)''^/« + l^llGjjlUo, + i2er{Fa,r, 


□ 


Part 2. Spaces of homogeneous type 

6. The good A-inequality 


In the sequel X = {X, d, fi) is a metric space endowed with a metric d and a Borel 
regular doubling measure n with 0 < /i(B) < oo for all balls B. Actually, all of our 
results hold true in spaces of homogeneous type equipped with a quasivnetiic (see 
[8, 24]), but for simplicity of presentation we concentrate on metric spaces. A ball 
means an open ball which comes with a center and a positive finite radius, that is. 


B = B^xb^tb) = {y e X ■. d{y,XB) < vb}- 


The A-dilate of B is defined by \B := B{xbi^tb) and the doubling condition means 
that /i(2i?) < cfi{B) for all balls B in X. This implies that there exists D > 0 such 
that 


( 6 . 1 ) 


KB') 

KB) 


< c, 





D 


for every B (Z B' with Tb < Tb'- 


Given a ball B and a fixed (small) ?7 > 0, we write I? := (1 + r])B- Fix a ball 
Bq = B{xBo,rBo) and consider the following family of balls 

(6.2) B := Bbo ■■= {B = B^Xb.Tb) : Xb & Bq with Tb < yrsol- 
It should be observed that 

(6.3) B Z B and r > 1 imply B C Bq and tB C tBq. 

In the following we consider the Hardy-Littlewood maximal operator Mg with respect 
to the basis B, that is, 

Msfix) := Mbb f{x) := sup -f |/|d/i, 

xgbgbJb 

with the convention that M^fix) = 0 if there is no ball in B containing the point x. 
In particular. Mg/ vanishes outside of Bq. By the Lebesgue differentiation theorem 
we have |/| < M^f /i-a.e. in Bq. 
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Theorem 6.4. Fix a ball Bq C X and consider the family B = Bbq as before. Let 
0 < F G L^{Bo) and assume that there are constants 0 > 1, 0 < 5 < 2~^ and r > 1 
such that for every B & B there exist non-negative functions and a constant 

> 0 satisfying 


(i) F{x) < G^{x) + H^{x) for fi-a.e. x & B 


(ii) ||F^||ioo(B) < 0 F{x)dii{x) 


9/ 

JtB 


(iii) -f- G^{x) dfv{x) < <5 ■/ F{x) dfi{x) + g 

B JtB 


B 


Define 


Gl{x) := sup g 

x£B£B 


B 


with the convention that G^{x) = 0 if there is no ball in B containing the point x. 

There is Aq = Xo{T,ri,fi) such that if X > Xo ^ ^ max{0, 3-^} and 

0 < 7 < 1 , then 

(6,5) 

^^({x 6 B„ : MbF{x) > K\,Gi{x) < 7 A}) < e : Mi,F{x) > A}), 


where Gn>l depends only on fj,. 


//O < 5 < ^ minjl, andl<p< ijg max{e,c^ 3 ^}) = 0 

can take any p > 1), then 


(6-6) ||F||i,p.oo^Bo ^ + 

and 
(6.7) 


Ilfllw.B. < I|JMi.F||„, 8, < l|GBll„,a + Fg^. 


The proof of this result is postponed until Section 8 . In the following section we 
will present some applications in the context of the John-Nirenberg, Franchi-Perez- 
Wheeden and Gurov-Reshetnyak conditions. These are not mere translations of the 
ones considered in Section 3 to the setting of spaces of homogeneous type as we 
consider oscillations in with p < 1 in the hrst two applications and we allow some 
dilation on the right hand sides of the Gurov-Reshetnyak conditions. 


7. Applications 

7.1. John-Nirenberg spaces. The Euclidean dehnition of the John-Nirenberg spa¬ 
ces can be generalized in a straightforward way by replacing cubes by balls. In [2] a 
further generalization was considered by allowing the family of balls to have bounded 
overlap and the authors established the corresponding embedding into the weak-L^ 
space. 
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For our purposes we shall further generalize those dehnitions as follows. Given a ball 
0<p<l, r>l and p > 1, for each / G Lp{B) we write 



where the supremum runs over all pairwise disjoint families with rBi C B for 

every i. We say that / G JNp,^{Bq) provided / G Lp{Bq) and 

\\f\\jN>;^(Bo) ■= sup \\f\\jNP^,B < oo. 

BcBo 


Observe that for r = p = 1, the space coincides with the corresponding metric version 
of the John-Nirenberg space considered in Section 3. 


We obtain the embedding of the John-Nirenberg spaces as just dehned into the cor¬ 
responding weak-L^ spaces. 

Corollary 7.2. Given l<p<oo,Q<p<l and r > 1, there exists a constant C, 
depending only on p, r, p, p and p, such that for every hall B (Z X and f G Lp{tB), 
we have 

(7.3) ||/-/R||L.-R<C||/||,^.^_,g. 


Proof. Fix a ball Bq and assume that ||/|| tBq ^ °° with / G Lp{tBq). For every 
B C tBq, let cb he the real number for which 

inf -/ \ f-cfdp= -f |/-CB|^dp. 

^^^Jb Jb 

That Cb exists (i.e, that the inhmum is attained) follows from the fact that any 
sequence approximating the inhmum (which is hnite since / G L'’{B)) is bounded. 
Then one can extract a convergent subsequence for which dominated convergence 
theorem can be applied. Further details are left to the interested reader. 

We shall apply Theorem 6.4 with F = \ f — G L^{Bo). First, we notice that for 
every B E B 

Fix) < \fix) - CBf + \cb - =: G^ix) + H^ix). 

By the minimizing property of the constants cb, 'we have 

H^ix) = / |cs -cpj^d/i < -f \f -CB\^dp+ -f \f -cgJPdp 

JB JB JB 

< 2 -/ \f - dp = 2 ^ F dp < 2 -f F dp. 

JB JB JB 

This is assumption (ii) in Theorem 6.4 with 0 = 2c^r^. Besides, 
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which is assumption (iii) with <5 = 0. Note that Gg is the sharp type maximal function 
with respect to the basis B dehned by 

Gg(x) = sup = sup -f I/ —cg|^d/i= sup inf 4 \f — c\^ dg,. 
x&B&B x&B&B JB xeBeB^^^JB 

An application of (6.6) with the exponent p/p (notice that 5 = 0 and p/p > p > 1) 
gives 

11/ ~ /-Bo IIlp.°o,Bo ^ 2^ 11/ — Cgpll/p.oo gp = 2^ ||-^||lp/p.°°,Bo 

J Bo 

<ii(Ga'/iiu,B., +ll/ll 

To estimate ||(Gg)^/^||^p,oo(pp), take any x E Bq with G’^{xY^^ > A. Then there is a 
ball Bx E B, Bx 3 X with 

(^£ U-caXdY 

Now apply Vitali’s covering theorem to the balls {tBx\x to obtain a countable family 
of pairwise disjoint balls rBi with 

{xeBo-. Gl{xf/P > A} C {jhrBi. 


Observe that since Bi E B, we have rBi C tBq (see (6.3)). Therefore, 
p{x E Bo : Gg(a;)^/^ > A} < c^b^y^pjrBi) 


< 


c,,5 


D 


Xp 


Ea(pA)(/ 


I/-CbJ 


\ p/p 


“Y -^4 


D 


JN//t-,tBo 


pirBo 


Consequently, 


II (g; 


*A/p|| ^ < 

BJ \\LP’°°,Bo ~ 


JA^,,,rBo’ 


and the desired estimate (7.3) follows. 


□ 


7.2. Pranchi-Perez-Wheeden self-improvement. Fix a ball Bq and a functional 
a : {B : B C T Bq} —> [0, oo). Given 1 < p < oo and B C r Bq we set 

where the supremum runs over all pairwise disjoint families {Bi}i with B^ C B. We 
say that a E Dpij Bq) provided 



®IIdp(tBo) ^^1/ ll®ll-Dp,B < OO- 

BGt Bq 
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Our goal is to prove the following result which, in particular, includes the main result 
of MacManus and Perez [21, Theorem 1.2]. 


Corollary 7.4. Given 0 < p < 1 and t > 1, assume that for every B <Z t Bq 

/ r \ Pp 


(7.5) 

//a e DpirBo], 

(7.6) 


inf 

ceM 


If - cf dll 


B 


1 <p < oo, then 

11/ - /b||lp.°°(b) ^ 


< aijB). 


whenever tB C tBq. 


JNP^r,TB- 


Proof. Fix tB C tBq and note that by Corollary 7.2 

11/ - < 

To compute the right hand term let {t Bi} be a pairwise disjoint family so that 
T Bi C. tB. Then, by (7.5), we clearly have 

\ p/p 


Ii{tB) 


y^finf-/ I/ — iiirBi) < -^ air B^ 

iiirB)^ 


' pirBi 


^ < ||aF g airBy. 

— " "Dp,tB ^ 1 — II llDp(rBo) ^ ^ 

Taking the supremum over all such families we easily obtain the desired estimate. □ 


Remark 7.7. Let us notice that the proof of the previous is an easy consequence 
of the embedding of the John-Nirenberg spaces into the corresponding weak space 
along with the dehnition of the Dp condition. Indeed the same argument yields the 
following: given a ball Bq and / G Lp^Bq) if (7.5) holds for every ball B such that 
T B C Bo then < oo implies that / G .JN^yBo) and moreover 

ll/ll jv;.,,Bo < ||a||B>p,Bo a(^o)- 


We can “optimize” the previous estimate by “optimizing” (7.5). 

Corollary 7.8. Fix a ball Bq C X and f G Lp{Bo). For every B C Bq set 

«o(5);=finf/ If-cfdii 

\ceRjT~iB 

Then, ||/|1 < oo if and only if ||ao||Dp,Bo < oo and in such a ease 

ll/ll Bo = II«o||bp,Bo Oo(-Bo)- 

Proof. Suppose hrst that \\f\\jN/;.r,Bo < Let {Bi}i be a pairwise disjoint family 
with Bi C Bq. Then if we write Bi = Bi we have that {riljji is a pairwise disjoint 
family with rBi C Bq. Hence, 

^ao{Biy ii{Bi) = ^ “ cfdi^ li{TBi) < ll/ll jjyp^^So 
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and this readily implies that ||ao||Dp,Bo «o(5o) < ||/|1 

Let us now consider the converse. Assume that ||a||_Dp,_Bo < To show that 
\\f\\jN^r,Bo < cxo we take pairwise disjoint family with tBi C Bq. Then, 



Taking the supremum over all the possible families we conclude that \\f\\jN^^,Bo — 
||oo||dp,Bo ®o(-Bo)- □ 

7.3. Weak Gurov-Reshetnyak condition. The Gurov-Reshetnyak class GRs{fi), 
0 < e < 2, is dehned as the collection of weights w E satisfying 



for every ball B C X. It is known that w E GR^{^) implies w E for 1 < p < p{e) 
with p{e) -E -l-cxo as £ —)■ O’*' [1, Theorem 3.1]. Our approach applies to GR^^p), and 
more generally, its weak variant 

(7.9) -j- \w — wb\ dp < eWrB, 

J B 

where r > 1 is a hxed parameter. 

As a new result in this metric setting we obtain the self-improvement of (7.9) 
for small e, that is, we show that a weak Gurov-Reshetnyak condition implies local 
higher integrability. This, which follows from Theorem 6.4, extends the results in [1] 
as well as those of T. Iwaniecz [18], who studied weak Gurov-Reshetnyak conditions 
in the Euclidean setting which arise in the study of PDEs. 

Theorem 7.10. Fix a hall Bq and letT>l. Assume that 0 < tc G L^ij Bq) satisfies 
the local weak Gurov-Reshetnyak condition 


i 


(7,11) 


w — wb\ dp < eWt-Bi 


for every B with t B d tBq. If e > 0 is a small enough depending on p and r then 
there exists p{e) > 1 (see (7.14) below) such that whenever 1 < p < p{e), we have 



(7.12) 


for every B with t B EL tBq, and hence w satisfies the following weak reverse Holder 
ineguality 


(7.13) 



V" f 

dp \ < -f w dp 


for every B with t B EL tBq. Moreover, p{e) —)■ -|-cxo, as e ^ O’*'. 
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Proof. Fix a ball B'q satisfying tB'q C tBq. We wish to apply Theorem 6.4 on B'q to 
the function F := \w — Wb'^\ G L^(B'q). Let B E B' = and note that 

F < \w — wb\ + 1^5 — uib'J =■ . 

Condition (ii) on Theorem 6.4 clearly holds with 0 = c^t^. For (iii) we hrst observe 
that B E B' implies that t B El tBq C tBq (see (6.3)). Hence we can use (7.11) and 
obtain 


-/ dfi = -I- \w 

J B J B 


wb\< eWrB F e ^ Fdfi + ewB' 


j 

JtB 


Thus, (iii) of Theorem 6.4 holds with 6 = e and = swb'^- In this case the maximal 
function G^,(x) = swb'^ if a: G VJb'B and G^i^x) = 0 otherwise. Therefore, we can 
invoke Theorem 6.4 and in particular (6.7) leads to the desired estimate (7.12): 


\\w-wb'Jlv,b', = \\F\\lv,b'^ < \\Gb,\\l^^b'+F^,^ < ewB'^+j^^ d/i < ew^g,^, 

where in the last estimate we have used (7.11) with B^ in place of B (note that by 
assumption tBq C tBq). The previous estimate holds if 1 < p < p{e) where 


log(a 


D 




(7.14) p{e) iog(2c^max{r,3}^) 
Note that p{e) +cxo as e —)■ O’*". 


and 


0 < e: < 


2G„ 


D 

mm <j 1 , - 


□ 


8 . Proof of Theorem 6.4 


The proof of Theorem 6.4 combines ideas from the proof of Theorem 2.1 with a 
Calderon-Zygmund type covering in [21, Lemma 4.4]. We start with two lemmas. In 
what follows we will use Fb to denote the /i-average of F on B. 

Lemma 8.1. Given t > 1 we set 

(8.2) Ao := (15r)^c^ ' 

Lett) < F E L^{Bq). If B = B{xB,rB) £ B {cf. (6.2)) is such that Fb > ^oFg^, then 
f'B < if; ’"Bo flBd, consequently, 15 tB E B. 


Proof. Note that 


Ao < 


B 


F- 


< 


Bo 


p{Bo) 


< 



c, ( 1 +vr 



This and the dehnition of Aq gives as desired vb < 157 ’"So which implies 15ri? G B 
by the dehnition of the family B. □ 

Lemma 8.3. Let 0 < F G L^{Bq) and assume that 


nx := {xEBo-. MbF{x) > A} ^ 0. 


7/A > AoFg^, where Aq is given in (8.2), there exists a countable family of pairwise 
disjoint balls {Fj}j such that 
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(a) [j^Bi C C 

(b) 15ri3j G B, 

(c) Fsi > A and 

(d) F„Bi < A whenever a >2 and aBi G B. 

Proof. For every a; G I^a, we set 

r^ := sup [tb ; 3 i? = B{xb, tb) ^ B, B 3 x and Fb > A}. 

By assumption, the set over which the supremum is taken is non-empty. Moreover, 
by Lemma 8.1, we have r^ < -^vbo. For each x G IIa, we associate a ball B^ E B 
with Bx 3 X such that Fb^ > A and ra,/2 < < Vx- Applying Vitali’s covering 

theorem, we get a family of balls {Bi]i with the desired properties. □ 


Proof of Theorem G.f. Let JF > 1 be a large constant to be chosen and take A > 
AoFgp. If Ha 7 ^ 0 we can apply the covering lemma to get the family of balls {Bi}i 
satisfying (a)-(d) of Lemma 8.3. We begin by showing that 

(8.4) {x G 5Bi : MbF{x) > K\} = {x G bBi : Mb(Fxi5b,)(x) > KX}. 

Since the inclusion D is clear, we take an arbitrary x G 5Bi and assume that 
MbF{x) > KX. Then there is a ball B E B with B 3 x such that 


(8.5) -j- F dfi > KX. 

J B 

We will be done after showing that B (Z 15 Bi which in turn follows from the fact that 
rs < 5rBi. In order to obtain the latter suppose otherwise that vb > Sr^.. Then 
B C B[xBii ^vb) = a Bi where a = 5rB/rBi > 15. Note that r^^Bi = < ijrBo by 

(8.5) , the choice of A and Lemma 8.1. Hence a Bi E B and we can use Lemma 8.3 
and ( 6 . 1 ) to conclude that 


F djj, < 


B 


n{aBi 

l,(B) 



F dfx < c^3^A < KX, 


provided K > c^3^. This contradicts (8.5) and hence < hr^.. This implies in 
turn that B (Z 15 Bi and the proof of (8.4) is complete. 


We next consider 

Fa := {x G Fo : MbF(x) > KX, G^(x) < yA}, 
where 7 G (0,1). Then, 

= //(Fa n Ha) < ^ //(Fa n 5 Bi) 

i 

= G 5Fi : Mb(Fxi5bJ(x) > KX,Gb{x) < 7 A}). 

i 

In the previous sum it is understood that we keep only the terms where Exr\5 Bi ^ 0. 
In such a case, we pick Xj G ExP5 Bi. Recall that by Lemma 8.3 part (b), 15 rBi E B 
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and hence 15G B. Then using our assumptions (i) and (ii), and Lemma 8.3, for 
every x & E\P[ 3Bi, we have 


KX < Ms{Fxi5bMx) < + M^iG^^^^Xi^B^x) 

< 0 / Fd/i + MsiG^^^^xi5BMx) < 0 A + Ms{G^^^^xi5bMx)- 
J lb T Bi 

Taking K > Q, we use the fact that Mg is of weak type (1,1), assumption (iii) and 
Lemma 8.3 to obtain (6.5): 

/i(F;,) < e 5B, : Ms{G^^^^xi 5 Bjix) > (iL - 0)A, G^(x) < yA}) 

i 


< 

r\j 


{K-e)x 
KBj) 

(K-e)x 




We next obtain (6.6) and (6.7). Observe hrst that (6.5) gives for every A > AoFg^: 


m(^ka) < f^{Ex) + /i({x e Bq : Gl{x) > yA}) 

d + y 


- ^^K-e 


+ p({x G Bo : Gq{x) > yA}), 


and hence, for all A > 0, 

/orN h(^i^A) / ^ 5 + y /i(nA) , /i({a: G Fo : ^^(a;) > yA}) , 

-PA - + X{0<A<AoFg }(A). 

h(-So) 0 f^{Bo) h(Fo) 

We now proceed as in the dyadic case. Choose K = 2 max{0,c^3^} and assume 
that 1 < p < Using (8.6) it follows that 

T ^ph(^A) j-^p fl{XlKx) 

In ■= sup A^—sup A^ 


0<A<A /i(Fo) 


0<A<f KBo) 


5 + ^ KP 

< KPG„^^In + — \\G*''^ 


0 


-yP 


LP’°^,Bo 


+ E^iXoFsJ 


Let us observe that our choice of p guarantees that G^q < 1 and hence we can 
take y small enough so that K^G^^y < 1. This and the fact that /w < < oo 

allow us to absorb the hrst term in the last estimate to obtain 


— Gq^Stpp 


G 


* IIP 


+ iF&r)- 


B\\lp,cx,^Bo ^ 

Finally, (6.6) follows by letting N ^ oo and using that F < M^F p-a.e. on Bq as 
observed above. 


The proof of (6.7) follows the same ideas already employed in the dyadic case and it 
is therefore omitted. □ 
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